We study the entanglement spectrum of topological systems hosting non-Abelian anyons. Akin to energy levels of a Hamiltonian, the entanglement spectrum is composed of symmetry multiplets. We find that the ratio between different eigenvalues within one multiplet is universal and is determined by the anyonic quantum dimensions. This result is a consequence of the conservation of the total topological charge. For systems with non-Abelian topological order, this generalizes known degeneracies of the entanglement spectrum, which are hallmarks of topological states. Experimental detection of these entanglement spectrum signatures may become possible in Majorana wires using multicopy schemes, allowing the measurement of quantum entanglement and its symmetry resolution.
I. INTRODUCTION AND MAIN RESULT
Quantum entanglement gained a pivotal role in our understanding of many-body systems and specifically topological order [1] [2] [3] . Its simplest measure is the entropy of entanglement between region A and region B of a bipartitioned system. In terms of the reduced density matrix of a subsystem A, ρ A = tr B ρ, the entanglement entropy is given by the associated entropy S = −Tr(ρ A log ρ A ). Much more information however is encoded in the entanglement spectrum (ES), consisting of the spectrum {λ} of eigenvalues of ρ A . In topological phases, the ES provides valuable information on the physics of the edge. One may relate the ES to energy levels of an "entanglement Hamiltonian"
4 living on the edge of region A, defined via ρ A = e −H E , or λ i = e −εi .
The significance of the ES in topological phases was introduced in the seminal paper of Li and Haldane in 2008 which studied 2D fractional quantum Hall (FQH) ground states 4 . The low lying part of the ES was found to exhibit universal features related with the conformal field theory spectra of edge states living on the entanglement cut. This bulk-boundary correspondence was then extensively explored in a large body of studies [5] [6] [7] [8] [9] [10] [11] testing a variety of models such as fractional Chern insulators 12 , resonating valence bond wave functions 7 , or topological spin liquids 13 ; for a recent review see Ref.
14. Along with these findings it became clear that the ES is a natural quantity for powerful numerical algorithms, based on, e.g., matrix product states or projected entangled pair states (PEPS). This general understanding of the role of the ES in topological systems included both Abelian states (e.g. the ν = 1/3 FQH state) and nonAbelian states (e.g. the ν = 5/2 Moore-Read state or a p + ip superconductor). Here, we take a closer look at the ES in non-Abelian states. We make progress using a topological quantum field theory language, specifically building on a 1D perspective.
The perspective of entanglement developed into a central approach towards classification of interacting topological phases, with powerful results specifically in 1D systems [15] [16] [17] [18] [19] , including symmetry protected topological (SPT) states and generalizations to higher dimensions 20, 21 . Direct manifestations of topological phases have been identified in 1D as symmetry-protected degeneracies in the ES 17 which are fingerprints of topological states in many different models [22] [23] [24] [25] [26] [27] [28] [29] . These degeneracies are a consequence of the action of symmetry on the eigenvectors of the reduced density matrix ρ A (the "Schmidt states"). A beautiful argument 17 asserts that in gapped 1D systems with a finite correlation length ξ, every symmetry operation acts as a unitary operator on the "low energy" Schmidt states, and can be factorized into two operators O L O R , acting locally within distance ξ from the left or right ends of segment A, respectively. Thus the eigenstates of H E provide a representation of the symmetry group. To illustrate this Ref. [17] considered the Haldane integer-spin chain. Any SU (2) spin rotation can be represented on the low lying eigenstates of H E in terms of generators S L and S R acting near the two ends of region A, where S tot = S L + S R . Since S tot is integer, we can have two possibilities: a "trivial" phase in which both S L and S R are integer, or a "topological" phase with both S L and S R half integer. In the latter case there must be an ES degeneracy of at least 4, due to a the two-fold degeneracy associated with a half-integer spin at each end.
This should be contrasted with systems hosting nonAbelian anyons on their edges, like the Kitaev chain 30 with Z 2 parity-number conservation, or parafermion chains 31 , where the edge operators do not support a local Hilbert space. For example in the Kitaev chain the symmetry operator measuring the total parity decomposes as P tot = iγ L γ R , where γ L/R are Majorana fermion modes, composed of degrees of freedom near either left or right end, which however do not support a local Hilbert space. This is a common feature of non-Abelian anyons.
Generally, in the presence of symmetry, the reduced density matrix and hence H E can be blockdiagonalized according to symmetry quantum numbers [32] [33] [34] . Such a charge-resolution was recently applied in two-dimensional topological phases 35 allowing to generalize the topological entanglement entropy 1,2 for systems protected by a symmetry.
In this paper we rely on this general symmetrydecomposition scheme, applied for the case of topological charge, defined below, in order to uncover internal structure in the ES in topological gapped phases supporting non-Abelian anyons. We demonstrate our predictions in explicit 1D lattice models of interacting anyons, and show that one can test them in experiment within available experimental setups in the context of Majorana wires.
A. Non-Abelian anyons
The idea to use the multi-dimensional, non-local space spanned by non-Abelian anyons to encode quantum information was put forward by Kitaev 36 . Non-Abelian anyons are physically realized as quasiparticles in systems with topological order. Operations such as braiding and fusion form the basis for topological quantum computation; for a review see Ref. [37] . The universal statistical properties of anyons are encoded in their topological quantum field theory (TQFT) [38] [39] [40] . Our subsequent symmetry decomposition of entanglement relies on the concept of "topological charge" or "total fusion channel", a conserved quantity in anyonic systems. Consider a collection of anyons taken from a set {I, a, b, c . . . } satisfying certain fusion rules a × b = c N c ab c, meaning that two anyons a and b can "fuse into" an anyon of type c as long as the (integer valued) fusion coefficient N c ab is finite. If N c aa = 0 for more than one fusion outcome c, then a collection of a anyons can encode information non-locally, and anyon a is said to be non-Abelian. The total topological charge of the collection of anyons can be obtained by sequentially fusing pairs of anyons ending with a single anyon a tot . For N anyons of type a, the number of intermediate fusion channels grows exponentially as d N a , where d a is the quantum dimension. Different choices of a sequence of fusion are related by a basis transformation. On the other hand the total fusion outcome is a conserved "topological charge".
To study the entanglement between subsystems A and B in some topological ground state |Ψ , it is natural to work in a basis where one fuses all anyons in each region into their total fusion channel a A and a B respectively. Then the total topological charge a tot is determined by a A ×a B = atot N atot a A a B a tot . While the full wave function |Ψ has a well defined topological charge, importantly entangled states are a superposition of different sub-system charges a A , a B . We restrict our attention to the natural case of a closed system with a total topological charge corresponding to the vacuum state, i.e., a tot = I. In what follows we reserve the letter c to denote the total For concreteness we consider 1D gapped models on an open segment. Suppose that our 1D topological phase carries an anyon of type a as edge states. One may then postulate that the wave function |Ψ is described in terms of pair of anyons of type a pulled out of the vacuum across each entanglement cut between A and B. For our 1D system on an open segment we have two such pairs of anyons, as depicted in Fig. 1(a) . From this picture, using the rules of TQFT we find that the ES decomposes according to the subsystem topological charge c as
The ES for each charge sector c consists of a single eigenvalue λ c with multiplicity # c . The multiplicity is just the number of possibilities for fusing the boundary anyons into the total topological charge c, # c = N c aa . Our main result is that λ c probes the quantum dimension of the type-a anyon, λ a ∝ d a . We can see that in general anyon systems the ES is characterized by universal ratios of its eigenvalues determined by the quantum dimensions d c , instead of degeneracies. Equivalently, multiplets in the entanglement Hamiltonian have the same decomposition {ε} = ∪ c {ε} c with multiplicities # c , and with an additive entropy term
see Fig. 1(b) . This central result demonstrates that the charge-resolved entanglement contains TQFT data, which can be interpreted as the entropy associated with a single anyon c.
A similar term appears 1,2 as the subleading term γ, referred to as topological entanglement entropy, in 2D topologically ordered systems with a finite correlation length S(L A ) = αL A − γ + .... Here α is a non-universal constant, while γ = log D is a universal number known as the total quantum dimension D = a d 2 a characterizing the topological medium.
In generic models hosting non-Abelian anyons there are additional local degrees of freedom creating entanglement on the scale of the correlation length ξ across the entanglement cut. These are reflected in the ES by additional non-universal levels. When these local degrees of freedom are independent from the anyons, each such level becomes a multiplet with exactly the same structure as the ground state described by Eq. (1), see dashed circle in Fig. 1(b) .
The Kitaev chain realizes a familiar but unfortunately non-exhaustive example of Eq. (1). It is described in terms of Ising anyons {I, ψ, σ}, where for open boundary conditions the edges of the chain host σ-anyons (corresponding to γ L and γ R above), with fusion rules σ L × σ R = I + ψ. We thus have two topological charges I and ψ corresponding to even and odd electron parity in region A, respectively. Accordingly the ES is decomposed as {λ} = {λ} I ∪ {λ} ψ . However, both of anyons I and ψ are Abelian, d I = d ψ = 1 implying λ I = λ ψ = 1/2. This yields the familiar degeneracy in the ES of the topological phase in the Kitaev model, seen in Fig. 1(c) . Thus it would be interesting to explore the ES and the prediction in Eq. (1) in models hosting more exotic anyons.
The rest of the paper is organized as follows. After deriving the main result Eq. (1) in Sec. II, in Sec. III we demonstrate its validity for specific lattice models. In contrast to the Kitaev model, in order to observe nontrivial ratios in the ES, one needs models whose edge states can fuse into a non-Abelian anyons having quantum dimension d a > 1. Z n parafermions which have received considerable attention recently 31 are richer than Majorana fermion modes since their edge states have n ≥ 2 fusion outcomes, which themselves, however, are all Abelian anyons. Fibonnaci anyons satisfying the fusion rule τ × τ = 1 + τ are rich enough to display the nontrivial structure in the ES found here. Indeed, 1D models with exotic states have been built out of these anyons [42] [43] [44] . Here, we demonstrate our results for SU (2) k anyonic generalizations of the AKLT chain 45 . In Sec. IV we discuss an experimental protocol to detect the topological charge resolution of the entanglement. While the ES can be measured in small systems, as was recently demonstrated for a small system realizing the AKLT chain 46 , here we develop methods for general systems. We focus on topological-charge resolution of entanglement measures. As a first step towards this goal, we focus on Majorana systems, specifically on their implementations in quantum wires controllable by charging energy effects 47 . Various protocols have been proposed for designing entangled states [48] [49] [50] [51] [52] (please note that this is not a complete list). In accordance with our results, the ES in particular and other entanglement measures in general can be decomposed into degenerate even/odd sectors. Using a general protocol for measurement of charge-resolved entanglement 33,53,54 , we discuss a concrete platform for measuring the second Rényi entropy. In the topological phase hosting Majorana edge states, the separately measurable even (c = I) and odd (c = ψ) contributions to the Rényi entropy become degenerate. This allows to measure experimentally the predicted topological degeneracies in the ES and assign it to the charge resolution.
II. BOUNDARY-ANYONS ENTANGLEMENT
In this section we derive Eq. (1). Bonderson et al. 39 have recently applied TQFT methods to study entanglement of anyonic systems. Here we use these methods and focus on the ES. The impatient reader may skip this TQFT-based derivation directly to Eq. 6 at the end of this technical section, and then to the next sections where its significance is exemplified.
We consider the setting depicted in Fig. 1(a) , where anyons {a} appear on the entanglement cut between regions A and B as well as on the physical boundaries. We start with a system with boundary anyons a,ā pulled out of the vacuum at the entanglement cut between regions A and B, whose joint state is represented by |a,ā; I R ; a second pair of anyons at the real boundary of the system is represented by |a,ā; I L . The total system is in state |Ψ = |a,ā; I L |a,ā; I R where L, R correspond to the left and right edges of region A; this state is depicted in Fig. 2 (a) (here, we utilize the diagrammatic notations by Kitaev 38 as presented in Ref. [39] ; see Appendix A). Consequently, the density matrix of the full system is systems A = a L ,ā R , B = a R ,ā L , and proceed by tracing out subsystem B. This leads to a diagram representing the identity in the Hilbert space spanned by two anyons a L ,ā R . Our main step here is facilitated by the decomposition of this space according to the total fusion channel c. This is diagrammatically represented in Fig. 2 (c), and results in
where the square brackets describe the identity operator in the two-anyon Hilbert subspace with total fusion channel c 39 . As discussed in Appendix B, this is given by
where generally a L andā R can fuse into c in multiple ways labelled by µ. This pair of equations yields the spectrum and degeneracies in Eq. (1),
The normalization of the density matrix follows from the fusion algebra
Below we demonstrate the result Eq. (6), illustrated in Fig. 1(b) , in concrete models of interacting anyons.
III. ANYONIC CHAINS
To test the topological field theory results, in this section we study a lattice model of interacting anyons. Before focusing on a specific model in Sec. III A, we first discuss generalities about the construction of the ES in anyonic models. Consider a system of anyons, some of which are located in region A, and the rest in B. The structure of a factorizable Hilbert space H = H A ⊗ H B , which is usually taken for granted, is actually not present, since each individual anyon does not posses a local Hilbert space. However, for every value of the total fusion channel a A and a B in each region, there is a local Hilbert space H a A A and H a B B , respectively. Thus, for a specific value of the total charge a tot , the Hilbert space is a direct sum of factorizable spaces, consistent with the fusion rules
B (here for simplicity N c ab = 0, 1 for all a, b, c).
, whose state can be represented by the fusion diagram in Fig. 3 . A family of such 1D models was introduced in Refs. [42] [43] [44] [45] . This basis of states is denoted as
with external legs {X} corresponding to the L anyons, and with fixed boundary anyons x 0 and x L . The fusion rule constraints N xi+1 xi,Xi+1 = 0 have to be satisfied at each vertex. Setting x 0 = I to the vacuum state, we can identify x L with the total fusion channel a tot . We set it to the vacuum state a L = a tot = I.
Consider dividing the chain into region A containing
It is evident that the link x i connecting A and B carries the topological charge of region A, hence we identify x i = a A = c. For each value of c, each basis vector may be partitioned into the two regions as |{a}, c, {b}
. This set of states with fixed boundary condition specified by c defines the Hilbert space for A and B, H = c H c A ⊗ Hc B and allows us to write any state |Ψ = {x} Ψ {x} |{x} as
To obtain the ES one may treat the wavefunction Ψ {{a},c,{b}} as a matrix [Ψ c ] {a},{b} of (super-)indices {a}, {b}, representing the c component of the wavefunction, and perform a singular value decomposition (SVD) on that matrix,
Here, the vectors |Φ
and |Φ
B j
{B} c0
labeled by j belong to H c A and Hc B , respectively. We now turn to an explicit example.
A. Anyonic-AKLT chain
We consider the anyonic-SU (2) k AKLT chain 45 as a concrete example. The model contains a family of anyons labeled by their integer "spin" quantum number j = 0, 1, . . . , k/2 . These are generally non-Abelian anyons, with fusion rules j 1 × j 2 = |j 1 − j 2 |, . . . , min{j 1 + j 2 , k − j 1 − j 2 }, extending the usual SU (2) rules. The j = 0 anyon corresponds to the vacuum state I with zero topological charge. The chain consists of L anyons of type j = 1, i.e., X i = 1 (i = 1, . . . L) and the {x i } should be consistent with the fusion rules x i−1 × X i = x i . The model contains an "AKLT sweet spot" analogous to the familiar AKLT chain 55 with Hamiltonian
, consisting of projectors of neighbouring j = 1 anyons X i , X i+1 onto the j = 2 fusion channel. A parameter θ 12 describes deviations from the AKLT sweet spot whereby an additional term ∝ i P (1) (X i , X i+1 ) appears in the Hamiltonian
(10) Using F-moves one can write the Hamiltonian in the basis of Fig. 3 45 ; see Fig. 5(b) .
We focus on the SU (2) k model with odd k ≥ 5 45 and discuss explicitly the case of k = 5, with 3 anyons types 
Anyon chain length (L) Entanglement Spectrum (-log 
These anyons satisfy the fusion rules
along with 0 × x = x (x = 0, 1, 2). The following results are obtained by exact diagonalization of this Hamiltonian, supplemented by analytic treatment at the AKLT sweet spot.
Entanglement of the AKLT sweet spot
The ES for an equipartition of the ground state of the open chain at the AKLT sweet spot is shown in Fig. 4 for various values of L. There are only two eigenvalues with a total fusion channel of region A given by c = 0 and c = 1 (purple and red respectively). At sufficiently large L their ratio approaches the ratio of the quantum dimensions d 0 /d 1 . This result may seem surprising in the absence of the underlying boundary anyons assumed in Fig. 1 . Through an exact solution, however, we shall see that boundary anyons do indeed emerge and, accordingly, the resulting ES is in line with our main result, Eq. (6).
Exact solution
To find the exact ground state for the AKLT chain with open boundary conditions (OBC), we start from the exact ground state that can be readily guessed 45 for periodic boundary conditions (PBC), see Fig. 6(a) . The state depicted in Fig. 6(a) is a ground state since each pair of adjacent j = 2 anyons can never fuse into j = 2 according to the fusion rules Eq. (12), yielding a zero energy state which is a ground state of the positive definite Hamiltonian H θ12=0 . Below we discuss its uniqueness. In order to obtain the corresponding ground state for OBC in the basis |{x} x0=0,x L =0 of Fig. 3 , we sequentially shrink and finally annihilate the loop. This is done by applying F-moves according to the rule in Fig. 5(c) , and is implemented in Fig. 6(b,c,d ). This gives back the OBC diagram of Fig. 3 . The resulting state is explicitly given in terms of the F -matrices 45 by
This is the unique ground state of the total topological sector a tot = 0. In comparison, the usual spin-1 AKLT Hamiltonian 55 has 4 ground states, obtained by the singlet and triplets that the two boundary spin-1/2-s can form. In our anyonic model in Fig. 3 we have imposed a total anyonic charge 0, analogous to restricting ourselves to the the AKLT singlet state which is also unique. As shown in Appendix C, one can analytically obtain the ES from this state. Specifically, for a bipartition of a chain with L anyons to regions A ∪ B consisting of L A + L B = L anyons, we find
One clearly sees that at the thermodynamic limit L → ∞ the spectrum corresponds with our main TQFT result, Eq. (6), and λ 0,1
. This is plotted in Fig. 4 and matches the exact diagonalization numerics.
Boundary anyons
In Fig. 6(a) , which is the PBC representation of our OBC state, we can see two j = 2 anyon lines connecting regions A and B, see Fig. 7 . We associate them with the boundary anyons a L = a R =ā L =ā R = 2. Since the state is gapped, in the thermodynamic limit these boundary anyons are decoupled. The fusion rule 2 × 2 = 0 + 1 then dictates that the total charge of region A can only take on values c = 1, 2, which explains the structure of the ES . FIG. 7 . Visualisation of the "hidden" boundary anyons of the OBC model depicted in Fig. 3 using the PBC representation of Fig. 6(a) .
ES beyond the AKLT sweet spot
Universal multiplet structure of the ES described by the SU (2) k TQFT persists beyond the AKLT sweet spot, everywhere within the topological phase of the model which extends approximately over the range of −0.19 θ 12 /π 0.06 45 . Our results for the ES, obtained via exact diagonalization of the Hamiltonian followed by an SVD, are shown in Fig. 8 as a function of θ 12 for L = 21. The large L convergence of the various multiplets is demonstrated in Fig. 9 . One can see that in addition to the dominant c = 0, 1 doublet at the AKLT sweet spot θ 12 = 0, additional multiplets appear at finite θ 12 . This is similar to the behaviour of the ES in the Kitaev chain away from the sweet spot, cf. Fig. 1(c) .
The finite size results are in good agreement with the statement that the ratio between eigenvalues of states with charge c within each multiplet is proportional to the quantum dimension d c .
The results can be understood as a generalization of Eq. (6), which itself assumes well defined boundary anyons a L , a R . Starting from the OBC chain at finite θ 12 at the ground state, and going in reverse through the steps in Fig. 6 , one would obtain the diagram in Fig. 6 (a) with two anyons lines connecting A and B, cf. Fig. 7 . Only at the AKLT sweet spot they carry a well defined charge j = 2, however away from the AKLT sweet spot the state |Ψ is a linear superposition over the possible values of a L , a R . Even in this case, we show in Appendix B that a multiplet structure emerges. Each multiplet is characterized by a pair of boundary anyons a L ,ā R , with possible fusion outcome c determined by their fusion rules. While the ground state multiplet corresponds to (a L ,ā R ) = (2, 2), the next multiplet and its multiplicity follows from (a L ,ā R ) = (2, 1) fusing into c = 1, 2 with unit multiplicity.
IV. EXPERIMENTAL TESTS
Testing the anyonic-charge-resolved entanglement in an experiment requires (i) physical systems realizing nonAbelian anyons and (ii) protocols for practical measurement of quantum entanglement. In this section we discuss controllable experimental setups based on semicon- (1) is evident within the topological phase, cf. Fig 1. ductor quantum wires, which could realize Ising anyons. We propose to employ the schemes of Refs. [56, 57] to measure the n−th Rényi entropy (RE), s n = Trρ n A , which were demonstrated in a cold-atom experiments 58, 59 ; for a recent work detailing this protocol, including the case of symmetry resoluiton, see Ref. [53] . Our suggestion is that testing the universal internal structure of the ES can be achieved by extending these schemes to measure the charge-resolved entanglement [32] [33] [34] . The predicted universal structure in the ES of topological anyonic systems is reflected in the charge-resolved RE: The separation of the ES into symmetry sectors {λ} = ∪ c {λ} c implies the additive structure of the RE, s n = i λ n i = c s n (c). We refer to s n (c) as the chargeresolved RE. Assuming that it is dominated by the largest eigenvalues in {λ} c , for which the low-energy TQFT result Eq. (1) holds, we obtain the approximate relationship s n (c) ∝ # c d n c . Thus measuring the ratio between various charge-resolved contributions to the RE gives access to universal topological data.
In this section we use this simple observation to demonstrate, for systems realizing Ising anyons, that the known degeneracies in the ES can actually be measured. In this case # I = # ψ = 1 and d I = d ψ , yielding the familiar degeneracy in the ES, thus implying that the even and odd charged-resolved REs are equal. For Kitaev's Majorana chain model the degeneracy is symmetry protected thus this relation between the charged-resolved REs is exact. This is explicitly shown in Fig. 10 , where the same model parameters as in Fig. 1(c) are used to compute the parity resolved 33,53 second REs, s 2 (c = I) = s 2 (even) and s 2 (c = ψ) = s 2 (odd), on which we concentrate in this section. One can see that as the system enters the topological phase by tuning the chemical potential to the regime |µ| < 2, the difference between the even-and oddREs vanishes up to corrections exponentially small in the system size.
Thus, the symmetry resolved measurement of the RE can serve as an order parameter for the topological phase: While the total entanglement entropy is just a nonuniversal number, when symmetry resolved, this number is exactly equipartitioned in the topological phase. We note, that a similar entanglement-based order parameter appears in the Schmidt gap 60 (i.e., the difference between the two largest eigenvalues of the reduced density matrix) as was found for the an equivalent transverse field Ising model, without explicitly decomposing the ES into symmetry sectors.
A. Measurement of entanglement after fusion of
Ising anyons in a quantum wire
Consider a quantum wire with spin-orbit coupling on top of which a floating superconductor is deposited. Upon application of a magnetic field a transition to topological superconductivity hosting Majorana end modes is expected 61 , as suggested, e.g., in a recent experiment by Albrecht et al. by the field evolution of the Coulomb blockade peaks 62 . This putative topological superconducting state supports Majorana fermion modes below the gap allowing either even or odd fermion parity.
Aasen et al. 50 envisioned interesting manipulations of this system allowing to entangle Majorana fermion modes. Consider the system in Fig. 11(a) of a quantum wire Josephson-coupled to bulk superconducting leads. In the Coulomb blockade regime the even and odd ground states are split by Coulomb interactions, thus one may initialize an even ground state. Upon Josephson-coupling the wire to the bulk superconductors, charging effects become negligible, yielding an approximate even-odd degeneracy associated with the Majorana fermions 50 . The switching-on of the Josephson coupling can be thought of as production of a pair of Majorana fermions denoted γ 1 , γ 4 at the end of the wire, in the vacuum fu-sion channel. Now, a subsequent division of the wire into two segments denoted A and B by a central barrier, can be described as pulling the second pair of Majorana fermions γ 2 , γ 3 from the vacuum. Identifying Majorana fermion modes with Ising anyons, the resulting anyonic wave function, depicted at the bottom of Fig. 11(a) , realizes the same state depicted in Fig. 1(a) with two pairs of Ising anyons produced from the vacuum. They create entanglement between two subsystems A and B, which we wish to explicitly measure.
The resulting state can be written as |0 14 0 23 , where 0 ij (1 ij ) is the even (odd) fusion channel of Majorana fermion modes γ i and γ j . This corresponds to the fusion of Ising anyons σ × σ with outcome I (ψ). Expressing this state in the occupancy basis of two complex fermions γ 1 + iγ 2 and γ 3 + iγ 4 in regions A and B, respectively, the same state takes the form
This realizes a maximally entangled Bell state between the left and right segments of the wire.
To see the degeneracy of the ES explicitly, let us focus on the subsystem A -the left wire segment in Fig. 11(a) , containing Majorana fermion modes γ 1 and γ 2 . Tracing out region B results in the reduced density matrix
. In contrast to this entangled state, one may prepare a non-entangled state ρ A = |0 12 0 12 | by starting with two segments individually dominated by Coulomb interactions, hence having fixed charge, and only then opening the Josephson couplings to the bulk superconductors 50 . Below we show how one can distinguish these states by explicitly measuring their parity-resolved second Rényi entropy.
B. Two-wire measurement setup
Following the protocol to measure the Rényi entropy 57 , we add an identical wire hosting 4 Majorana modes, and prepare the same quantum state in these wires. In the final state of the system, the Josephson couplings dominate over the charging energies so that charge may fluctuate. We use this to transfer charge between the wires via the Majorana modes. We label the two identical subsystem by i = a, b, and refer to them as copies. Subsystem A in each copy has two Majorana operators γ [50] . Upon raising the central barrier, starting from a well define total charge state, one obtains the Bell state Eq. (15) in which the parity of the left and right segments, comprising regions A and B, respectively, are maximally entangled. (b) Two-copy system realizing a protocol to measure the parity-resolved second RE. The two copies are coupled by single particle tunnelling, J ab , via the Majorana fermion modes, and then the parity of region A is measured, e.g., by tunnel coupling (t1) the Majorana fermion modes to two leads Ψ1,2, as well as an interference arm t0. A similar parity measurement device has to be connected to the top wire.
density matrix is a product state
where we dropped the Majorana indices for brevity. The next step of the measuring protocol is to operate the following tunnelling Hamiltonian
see Fig. 6 (b). If we turn on this coupling for time t = π 4J ab then the states of the system evolve into
Defining fermion a as γ
, and the same for copy b with a ↔ b, this transformation is equivalent to
The final stage of the protocol is measuring the occupancy of subsystems a, b. Following Refs. [63, 54] we find that the second RE, s 2 = Trρ 2 A , is given by: (i) preparing the 2-wire setup, (ii) performing the (Fourier) transformation of Eqs. (19) and (20), (iii) measuring the occupancies in each copy N a , N b , and (iv) repeating steps (i-iii) and averaging over a function f (N ) where
see Table I . The last equality is a consequence of having only two Majorana wires present in the system, hence the occupancies N a,b are either 0 or 1. Moreover, since the total occupancy is invariant under the transformation we may immediately read off the second RE for each fusion sector, s 2 (even/odd) = Tr[ρ 2 A δ P,even/odd ], where (−1)
N is the parity operator (P = 0, 1). We thus find
see Table I . We now describe the occupancy measurement protocol for copy b; copy a should be handled analogously. Each one of the Majorana fermion modes should be coupled to externally linked normal leads described by the Hamiltonian 51, 64 
see Fig. 11(b) . This results in the effective tunnelling Hamiltonian
where
Ec with E c the charging energy. Measuring the conductance, it depends on the interference term ∼ t 0 t 12 γ 
V. SUMMARY AND OUTLOOK
Using a topological quantum field theory approach, the entanglement spectrum of topological phases hosting non-Abelian anyons is found to have a universal structure: each eigenvalue can be labeled by the sub-system's anyonic charge, and its weight is dictated by the corresponding quantum dimension; likewise, its degeneracy is dictated by the fusion rules of the low energy topological theory. We tested our results for solvable anyon-chain models, specifically for the SU (2) k AKLT chains. Such gapped models elucidate the fact that as the subsystem size increases beyond the correlation length, the eigenvalues of the entanglement spectrum reach the predicted universal ratio dictated by quantum dimensions. Our result generalizes the well known degeneracies in the entanglement spectrum, e.g.,, in the Haldane chain, which serve as fingerprints of topological order, into universal ratios dictated by the quantum dimension of the possible fusion channels.
We have established a connection between our results on the entanglement spectrum, with a quantity that can be experimentally tested more easily. That is, measurements of the anyonic-charge-resolved Rényi entropy provide information on the multiplet structure in the entanglement spectrum. We demonstrated this explicitly for Ising anyons realized in the Kitaev chain. Unfortunately this illustrates our results only in a partial way, since the quantum dimensions of the total topological charge correspond to Abelian anyons, hence the entanglement spectrum is characterized by degeneracies, and not by non-trivial ratios. Yet we have also shown that these degeneracies can be measured via the parity-resolved Rényi entropy in Majorana wires. In principle it should be possible to generalize the symmetry resolved Rényi entropy measurement protocol to arbitrary anyons by projecting anyon pairs onto specific fusion channels.
It would be interesting to connect our results with the ES of non-Abelian 2D FQH phases 4 , which displays the structure of conformal towers describing 1D edge states (see Sec. I for further discussion and references). The derivation of our results assumes a simple wave function of few anyons fused from the vacuum (see Fig. 1 ); this is a natural description of 1D states, e.g., in the Kitaev chain or the various anyon-chain generalizations that we considered. However, the application of topological quantum field theory is not restricted to 1D. It also describes the non-Abelian sectors in 2D FQH phases, where the ES is quasi-continuous due to the gapless 1D edge states. Nevertheless, one can still label each state of the entanglement Hamiltonian by the total fusion channel of the subsystem. We expect the prediction that the ES contains universal multiplets dictated by the scaling dimensions and fusion rules to apply even in the presence of gapless edge states and leave this for future work.
Using our results, entanglement spectroscopy can be used to identify non-Abelian anyons as emergent particles in condensed matter systems of interacting bosons or fermions, both using computational methods, and with sufficient motivation, using experimental multi-copy entanglement-measurement methods. 
Note, that the relation between this "bra-ket" normalization and Kitaev's ψ-notation 38 is |a, b; c, µ ⇔ ( The ES of anyonic models is complicated by two facts: This immediately yields the spectrum and degeneracies generalizing Eq. 6,
Superposition of anyons
Second, the wave function may take the form of a linear superposition over the boundary anyons,
Consequently, the density matrix of the full system is
Tracing out subsystem B, as in Fig. 2(c) , brings a deltafunction imposing a L = a L , a R = a R , and similarly for a L andā R . Thus,
where ρ A (a L ,ā R ) denotes the reduced density matrix for fixed boundary anyons. In our main result, Eq. (6), various fusion trees associated with the possible internal fusion processes of the fixed boundary anyons lead to # c distinct Schmidt states; see Eq. (B7). Thus, distinct values of the boundary anyons allow for a further distinction of the Schmidt states. We conclude that each block of fixed c admits a further block decomposition according to distinct values of a L ,ā R , which together fuse into c,
We conclude that there are different multiplets labeled by two boundary anyons a L ,ā R ; Each multiplet decomposes according to the total anyon charge of region A, c, with a multiplicity given by N c {a L i }∪{ā R i } which indeed depends on the edge content. This allows to understand the results in Sec. III A 4.
